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Abstract
An extremal element of the convex set of composite quantum states
in M2 ⊗M3 whose marginals are all normalised identities has been con-
structed. It is found to be a mixed state and is entangled as well.
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1 Introduction
We work with Hilbert spaces that are finite dimensional and are over
complex numbers. The state of a finite level quantum mechanical system
associated with an n-dimensional Hilbert space H is a positive semidef-
inite matrix ρ of unit trace and is an element of Mn(C). Such an oper-
ator is called a density operator or density matrix. Equivalently, ρ is a
self-adjoint matrix with non-negative eigenvalues, such that the sum of
the eigenvalues is 1. Physical observables like energy or momentum are
represented by self-adjoint operators. Then the expectation value of an
observable A ∈Mn(C), when the physical system is in the state ρ is given
as Tr(Aρ). The set of all states of H is a compact convex set whose ex-
treme points are the rank-one self-adjoint projection operators, called the
pure states. A pure state can also be characterised by a unit vector in
the range of the corresponding density operator. The states that are not
extremal are called mixed states.
Let H1 be a complex Hilbert space that represents a finite level quan-
tum system S1. Similarly, let H2 be a complex Hilbert space of another
finite level quantum system S2. Then the coupled or composite quantum
system of S1 and S2 put together and treated as a single quantum system
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S12, is represented by the Hilbert space, H1⊗H2, the tensor product of H1
with H2. Any state ρ ∈Mn⊗Mm of the composite system H1⊗H2 gives
rise to marginal states or equivalently reduced states, ρ1 = TrH2ρ ∈ Mn
of H1 and ρ2 = TrH1ρ ∈ Mm of H2 respectively. Here TrHi denotes
the partial trace or relative trace over Hi. That is, ρ2 = (tr ⊗ 1)ρ, and
ρ1 = (1⊗ tr)ρ, where tr denotes the trace operator. A brief introduction
to partial trace could be found in Bhatia [1]. Any observable A1 on H1
can be extended to an observable A1 ⊗ 1 on H1 ⊗H2. Then the expecta-
tion value Tr(A1ρ1) = Tr [(A1⊗1)ρ] for every observable A1 ∈ H1, where
ρ1 is the reduced state of the composite state ρ. A similar relation holds
for the observables and marginal states on H2 as well.
The state space S(H1 ⊗ H2) of a composite quantum system turns
out to be an extremely complicated convex set. Especially, the interplay
between the convex sets S(H1 ⊗ H2), S(H1) and S(H2) raises many in-
teresting questions.
Definition-1 A composite state ρ of S(H1 ⊗H2) which is an element of
Mn ⊗Mm is said to be a separable state if ρ =
∑n
i=1
αi ρ
1
i ⊗ ρ2i where
ρ1i ∈ Mn and ρ2i ∈ Mm are states in S(H1) and S(H2) respectively and
αi > 0 such that
∑n
i=1 αi = 1. A composite state that is not a separable
state is called an entangled state.
Entangled states are of central interest in quantum information theory.
It is known [2] that a state ρ in M2 ⊗M2 or M2 ⊗M3 is separable if and
only if (1 ⊗ trp)ρ is a positive definite matrix in M2 ⊗M2 or M2 ⊗M3
respectively. Here, trp denotes the transpose operator. This condition or
criterion is known as positive partial transpose (PPT). However, given a
state in Mn ⊗Mm, where n,m > 2 a simple criterion to establish that it
is an entangled state is not known and is an important open problem of
quantum information theory.
In this context, K.R.Parthasarathy [3] initated a study of convex sub-
set of S(H1 ⊗ H2). For two fixed states ρ1 and ρ2 in S(H1) and S(H2)
respectively, he considered the set of all composite states ρ in S(H1⊗H2)
whose reduced states are ρ1 and ρ2. This set, denoted as C[ρ1; ρ2] is a
compact convex set. Focussing on the nature of the extreme points of this
convex set, he obtained the following results of theorem-1 and theorem-2
in [3].
Theorem-1 Let H1, H2 be complex finite dimensional Hilbert spaces of
dimension d1, d2 respectively and H1 ⊗ H2 be the coupled or composite
system. Consider, C[ρ1; ρ2] the convex set of all composite states ρ of
H1 ⊗H2 whose marginal states in H1 and H2 are ρ1 and ρ2 respectively.
If an element ρ ∈ C(ρ1, ρ2) is an extreme point of the convex set C[ρ1; ρ2],
then its rank does not exceed
√
d2
1
+ d2
2
− 1. In particular, such an ex-
treme element cannot be an invertible matrix.
In the physically interesting special case of H1 = H2 = C
2 and ρ1 =
ρ2 =
1
2
12, he obtained the following result of theorem-2, which completely
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characterises the extreme points of C( 1
2
12,
1
2
12).
Definition-2 A composite pure state ρτ inM2⊗M2 is called a maximally
entangled state if it is a rank-one self-adjoint projection operator, whose
range is spanned by a non-elementary tensor τ = e1⊗f1+e2⊗f2 ∈ C2⊗C2
where e1 = (1, 0), e2 = (0, 1) is the standard basis of C
2 and {f1, f2} is
any arbitrary orthonormal basis of C2.
Theorem-2 Let H1⊗H2 = C2 ⊗C2 and C[ 1
2
12;
1
2
12] be the convex set
of composite states with marginals ρ1 =
1
2
12 in H1 = C
2 and ρ2 =
1
2
12 in
H2 = C
2. Then, the composite state ρ is an extreme point of C[ 1
2
12;
1
2
12]
if and only if ρ is a maximally entangled pure state as defined above.
It was suggested by G.L.Price and S. Sakai [4], that the above case
is probably true for every C[ 1
n
1n;
1
m
1m]. However, it has been shown by
Oliver Rudolph [5], and H.Ohno [6] by constructing concrete examples
that there are extreme elements of C[ 1
3
13;
1
3
13], and C[
1
4
14;
1
4
14], that
are not pure states. The work of L.J. Landau and R.F.Streater [7] is also
relevant and contains many such examples. A complete characterisation
of the extreme elements of the convex set C[ 1
n
1n;
1
m
1m] is not yet known.
Apart from theorem-1 not much seems to be known of C[ 1
n
1n;
1
m
1m],
where n is not equal m. The smallest in that class is the coupled system
of M2 ⊗M3, which is also suitable for the study of entanglement aspects.
This is due to fact that the PPT (positive partial transposition) criterion,
is a necessary and sufficent condition for separable states only in the case
of M2 ⊗M2 and M2 ⊗M3.
In this note, we look at the case of C[ 1
2
12;
1
3
13], and construct a spe-
cific extremal state which turns out to be a mixed state that is entangled.
The tools that we have used are the ones that were developed by Choi
[8], Landau and Streater [7] and Oliver Rudolph [5]. An introduction to
completely positive liner maps is available in the lecture notes of Vern
Paulsen [9].
2 Completely positive linear maps and
bipartite composite states
We construct an extreme element of the convex set C[ 1
2
12;
1
3
13]. This is
made easier, by the duallity that exists between of a special class of pos-
itive linear map betweem matrix algebras and the set positive semidef-
inite matrice on the tensor product of matrix algebras. This duallity
preserves the convexity character of the elements as well. For example,
an extremal map corresponds to en extremal positive definite element. To
be precise, and specific to this context, this is the well known Arveson-
Choi-Jamiolkovski-de pillis [8-12] correspondence that exist between the
set CP (M2,M3) of completely positive linear maps from M2 to M3 and
the set PD(M2 ⊗M3) of positive semidefinite matrices in M2 ⊗M3. For
a given φ ∈ CP (M2,M3), we associate the positive semidefinite matrix
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σφ =
∑
1≤i,j≤2 Eij ⊗ φ(Eij) ∈ M2 ⊗M3, where Eij represents a matrix
with 1 in the (i, j) position and zero in every other place. It is known
[8], that a linear map φ : M2(C) → M3(C) is completly positive if and
only if it is of the form φ(A) =
∑r
l=1
V ∗l AVl where A ∈ M2(C). Here,
Vl are 2× 3 complex matrices and V ∗l are their corresponding conjugate
transposes for l = 1, 2, .., r. It can also be seen, that if φ is as above its
dual φ∗ : M3(C) → M2(C) is of the form φ(A) =
∑r
l=1
VlAV
∗
l , where
A ∈M3(C). Clearly, φ∗ is also a completely positive linear map.
Let CP (M2,M3;K) = {φ ∈ CP (M2,M3) : φ(12) = K, whereK is pos-
itive semi-definite matrix of unit trace in M3 }. The duallity or the corre-
spondence φ ∈ CP (M2,M3;K) −→ σφ =
∑
1≤i,j≤2 Eij ⊗ φ(Eij) now en-
sures that tr(σφ) = 1 and hence σφ is a composite state in M2⊗M3. This
is because, tr(σφ) = tr(φ(E11)) + tr(φ(E22)) = tr(φ(12)) = tr(K) = 1 by
our assumption on the trace of K.
Under these conditions, one of the marginal state of σφ turns out to
be K itself. This is because, (tr ⊗ 13)(σφ) =
∑
1≤i,j≤2 tr(Eij)φ(Eij) =
φ(E11)+φ(E22) = φ(12) = K. The last equality follows from our assump-
tion that φ ∈ CP (M2,M3;K), where we demand that φ(12) = K.
Since, K ∈Mn is of unit trace and is positive semi-definite by our as-
sumption, it turns out that σφ is a composite state whose marginal state,
ρ2 = K ∈ M3(C). Thus, the set CP (M2,M3;K) specifes, through the
above mentioned Arveson-Choi-Jamiolkowski-de pillis correspondence, a
set of composite states in M2 ⊗M3 whose mariginal state in M3 is K.
The correspondence also preserves convexity aspects like extremality of
the elements.
The following result is due to Choi [8].
Theorem-3 Let φ : Mn → Mm be a completely positive linear map
such that φ(12) = K ≥ 0. Then φ is extreme in the convex set of
CP (Mn,Mm;K) if and only if φ admits an expression of the form φ(A) =∑r
i=1
V ∗i AVi for all A inMn, where Vi are n×mmatrices,
∑r
i=1
V ∗i Vi = K
and {V ∗i Vj : 1 ≤ i, j ≤ r} is a linearly independent set.
The other marginal state ρ1 ∈M2(C) of σφ, when φ ∈ CP (Mn,Mm;K)
is seen to be
∑r
l=1
VlV
∗
l ∈ M2(C). This is because, (12 ⊗ tr)(σφ) =∑
1≤i,j≤2 Eij tr(φ(Eij))=
∑r
l=1
VlV
∗
l as tr(φ(Eij)) = (
∑r
l=1
VlV
∗
l )ij . Note,
that this condition can be expressed as φ∗(13) =
∑r
l=1
VlV
∗
l .
Let CP (M2,M3;K,L) = {φ ∈ CP (M2,M3;K, ) : φ∗(13) = L, where
L is a positive semi-definite matrix of unit trace in M2(C) }. Thus, if
φ ∈ CP (M2,M3;K,L) then the marginal states of σφ are L and K re-
spectively in M2(C) and M3(C). Following result of theorem-4 is is due
to Landau and Streater[7] and Oliver Rudolph [5].
Theorem-4 Let φ : Mn → Mm and φ be a completely positive linear
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map such that φ(12) = K ≥ 0 and φ∗(13) = L ≥ 0. Then φ is ex-
treme in the convex set of CP (Mn,Mm;K,L) if and only if φ admits an
expression of the form φ(A) =
∑r
i=1
V ∗i AVi for all A in Mn, where Vi
are n × m matrices, such that ∑r
i=1
V ∗i Vi = K
∑r
i=1
ViV
∗
i = L and
{V ∗i Vj ⊕ VjV ∗i : 1 ≤ i, j ≤ r} is a independent set of matrices.
Remark. The above independence means
∑
1≤i,j≤r cij V
∗
i Vj = 0
and
∑
1≤i,j≤r cij VjV
∗
i =0 implies ci,j = 0 for all i, j = 1, ...r.
3 Present work : states in M2(C)⊗M3(C)
In this note we construct an extreme state of the convex set of all com-
posite states in M2 ⊗M3, whose marginal in M2 is 1
2
12 and marginal in
M3 is
1
3
13. Using theorem-4 this is equivalent to constructing the σφ ∈
M2(C)⊗M3(C), corresponding to the extreme map φ ∈CP (M2,M3; 1313,
1
2
12 ). This reduces the problem to the construction of a specific set
of 2 × 3 matrices {Vi : i = 1, ...r} such that
∑r
i=1 V
∗
i Vi =
1
3
13 ,∑r
i=1
ViV
∗
i =
1
2
12 and {V ∗i Vj ⊕ VjV ∗i : 1 ≤ i, j ≤ r} is a linearly in-
dependent set of matrices.
It can verified that the following two matrices V1 and V2 satisfy all the
three conditions mentioned above.
V1 =
(
0 1√
6
0
1√
3
0 0
)
and
V2 =
(
0 0 1√
3
0 1√
6
0
)
.
The extremal composite ρ of C[ 1
2
12;
1
3
13] that corresponds to the ex-
tremal map φ(A) =
∑
2
l=1
V ∗l AVl, where V1 and V2 are listed above can
be computed and is given below.
ρ = 1
3


0 0 0 0 0 0
0 1
2
0 1√
2
0 0
0 0 1 0 1√
2
0
0 1√
2
0 1 0 0
0 0 1√
2
0 1
2
0
0 0 0 0 0 0


This extremal state ρ is not a pure state of M2(C) ⊗M3(C) as the
rank of ρ is two. This is compatible with the theorem-1 of Parthasarathy,
according to which, the rank of this state should be less than or equal to√
22 + 32 − 1 = √12.
However, the partial transpose of ρ, that is, (12⊗trp)ρ is not a positive
semi-definite matrix. This implies, that the state ρ is an entangled state.
Recall, that the partial transpose of a separable state, a state that is not
entangled, has to be a positive semi-definite matrix. Thus these results of
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M2(C)⊗M3(C) are in contrast with the results of K.R.Parthasarathy, in
the context of M2 ⊗M2, where an element of C[ 1
2
12;
1
2
12] is an extremal
element if and only if it is a maximally entangled pure state. It known [5-
7] that that this result of K.R. Parthasarathy does not extend toM3⊗M3
and M4 ⊗M4.
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